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Exercise 9

If r is the position vector and r is its magnitude, verify that

(a) ∇1

r
= − r

r3
(c) ∇(a · r) = a if a is a constant vector

(b) ∇f(r) = 1

r

df

dr
r

Solution

Part (a)

∇1

r
=

(
3∑

i=1

δi
∂

∂xi

)(
1√

x21 + x22 + x23

)
=

(
δ1

∂

∂x1
+ δ2

∂

∂x2
+ δ3

∂

∂x3

)(
1√

x21 + x22 + x23

)

= δ1
∂

∂x1

(
1√

x21 + x22 + x23

)
+ δ2

∂

∂x2

(
1√

x21 + x22 + x23

)
+ δ3

∂

∂x3

(
1√

x21 + x22 + x23

)

= δ1

[
−x1

(x21 + x22 + x23)
3/2

]
+ δ2

[
−x2

(x21 + x22 + x23)
3/2

]
+ δ3

[
−x3

(x21 + x22 + x23)
3/2

]
= − 1

(x21 + x22 + x23)
3/2

(δ1x1 + δ2x2 + δ3x3) = −
1

(
√
x21 + x22 + x23)

3
(δ1x1 + δ2x2 + δ3x3)

= − 1

r3
r

Part (b)

∇f(r) =

(
3∑

i=1

δi
∂

∂xi

)
f(r) =

(
δ1

∂

∂x1
+ δ2

∂

∂x2
+ δ3

∂

∂x3

)
f(r) = δ1

∂f

∂x1
+ δ2

∂f

∂x2
+ δ3

∂f

∂x3

f is solely a function of r, not x1, x2, or x3, so we have to use the chain rule.

= δ1
df

dr

∂r

∂x1
+ δ2

df

dr

∂r

∂x2
+ δ3

df

dr

∂r

∂x3

= δ1
df

dr

∂

∂x1

(√
x21 + x22 + x23

)
+ δ2

df

dr

∂

∂x2

(√
x21 + x22 + x23

)
+ δ3

df

dr

∂

∂x3

(√
x21 + x22 + x23

)
= δ1

df

dr

(
x1√

x21 + x22 + x23

)
+ δ2

df

dr

(
x2√

x21 + x22 + x23

)
+ δ3

df

dr

(
x3√

x21 + x22 + x23

)

=
1√

x21 + x22 + x23

df

dr
(δ1x1 + δ2x2 + δ3x3)

=
1

r

df

dr
r
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Part (c)

∇(a · r) =
(

3∑
i=1

δi
∂

∂xi

) 3∑
j=1

δjaj

 ·
(

3∑
k=1

δkxk

)
=

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

3∑
k=1

(δj · δk)ajxk


=

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

3∑
k=1

δjkajxk


=

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

ajxj


=

3∑
i=1

3∑
j=1

δi
∂

∂xi
(ajxj)

=
3∑

i=1

3∑
j=1

δiaj
∂xj
∂xi

=

3∑
i=1

3∑
j=1

δiajδji

=
3∑

i=1

δiai

= a
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